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Nomenclature

A = area
cp = specific heat
d = diameter
h = convective heat transfer coefficient
k = thermal conductivity
kb = Boltzmann constant
Nu = Nusselt number
Pr = Prandtl number
Re = Reynolds number
T = temperature
t = time
�u = average particle velocity
V = volume
� = viscosity
� = nondimensional parameter
� = density
� = volume fraction

Subscripts

d = diameter
f = fluid
i = initial
p = particle

Superscript

� = nondimensional

I. Introduction

NANOFLUIDS, or fluids with nanoscale particles, offer
enhanced heat transfer compared with other fluids [1–3]. The

effective thermal conductivity appears to increase with temperature
and particle concentration, and decrease with particle size. There is
considerable controversy over the mechanisms involved, with
enhanced particle-fluid heat transfer [4,5], Brownian motion [6–10],
and particle interactions at the boundary [11] held up as potential
explanations. The present work models the transient heat transfer
between nanoparticles and the surrounding fluid, providing an
estimate of the time scale required to reach equilibrium.

II. Mathematical Formulation

If nanoparticles with an initial temperature Tp;i are introduced into
a fluid with an initial temperature Tp;f, the particles and the fluid will
exchange energy until they reach equilibrium. The rate of change of
the particle temperature will be given by

�pcp;pVp
@Tp
@t
� Aph�Tf � Tp� (1)

where Vp is the volume of the particle, Ap is the surface area of the
particle,�p is the particle density, cp;p is the particle specific heat, and
h is the convective heat transfer coefficient. For this analysis, the
particles are assumed to be spheres with a diameter dp.

The nondimensional heat transfer coefficient, or Nusselt number
of the particle, is defined as

Nud � dph=kf (2)

where h is the convective heat transfer coefficient, and kf is the
thermal conductivity of the fluid.

For a sphere in laminar flow, the Nusselt number will be a function
of the Reynolds number Red and the fluid Prandtl number Prf [12]:

Nud � 2:0� 0:6Re1=2d Pr1=3f (3)

The Reynolds number is defined as

Red � �fdp �u=�f (4)

where �u is the average particle velocity, �f is the fluid density, and�f
is the fluid viscosity.

The scaling of this equation is complicated by the fact that velocity
of the particles will depend upon the particle temperature [13]. The
velocity of the particles due to Brownianmotion will be a function of
the particle temperature, the Boltzmann constant kb, the particle
density, and the particle diameter [14]:
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If Eqs. (2–5) are substituted into Eq. (1), the following expression is
obtained:
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This equation can be simplified by using a nondimensional time t�,
nondimensional temperatures T�, and a nondimensional group�1:
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T�f � Tf=Tp:i (8)
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The simplified equation heat transfer equation will be

@T�p
@t�
� �1:0��1�T�p�1=4��T�f � T�p� (11)

Figure 1 shows representative values of tc as a function of particle
diameter for aluminum and copper particles in water and ethylene
glycol, using the material properties at 300 K [12].

The heat transfer equation can be simplified using the first law of
thermodynamics. If there is no external heat addition, the energy
equation is

�1 � ���fcp;fTf;i � ��pcp;pTp;i � �1 � ���fcp;fTf � ��pcp;pTp
(12)

where cp;f is the fluid specific heat, and� is the volume concentration
of the particle.

Dividing through by Tp;i and rearranging the expression, yields
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where
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�3 � T�f;i (15)

Substituting this expression into (11) yields an ordinary differential
equation for the system:

@T�p
@t�
� �1:0��1�T�p�1=4����2 ��3� � �1��2�T�p � (16)

The initial condition of this equation is

T�p�t� � 0� � 1 (17)

III. Numeric Solution

This equation can be solved numerically with a simple marching
scheme. Figure 2 shows T�p as a function of t� for aluminum
nanoparticles in water, with an initial temperature for the particles of
320 K, and initial temperature for the water of 300 K, and a volume
fraction of 0.01. This corresponds to changing�1 while keeping�2

and �3 constant. These results show that as the particle diameter
becomes greater than 500 nm, the size effects disappear in the
transient solution. Because � corresponds to the Reynolds-number
dependent portion of the heat transfer correlation, this also shows that
the difference in fluid-particle heat transfer due to particles

accelerating and decelerating has a quantifiable effect on nanofluid
heat transfer.

Figure 3 shows T�p as a function of t
� for aluminum nanoparticles

in water, with a particle diameter of 50 nm, an initial temperature for
the particles of 320 K, and initial temperature for the water of 300 K,
for volume fractions of 0.0005, 0.005, and 0.05. These results show
that the volume fraction is only significant if is greater than 1%. This
corresponds to changing �2 while keeping �1 and�3 constant.

Figure 4 shows T�p as a function of t
� for aluminum nanoparticles

in water, with a particle diameter of 50 nm, a volume fraction of 0.01,

Fig. 1 tc as a function of diameter for Cu andAl nanoparticles mixed in

water and ethylene glycol.

Fig. 2 Temperature as a function of time for dp � 1, 5, 50, and 500 nm.

Fig. 3 Temperature as a function of time for ’� 0:0005, 0.005, and
0.05.

Fig. 4 Temperature as a function of time for Tf ;i � 275, 295, 305, 335,

350, and 365 K.
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an initial temperature for the particles of 320 K, and initial temper-
atures for the water ranging from 275 to 365 K. This corresponds to
changing �3 while keeping �1 and �2 constant.

The results shown in Figs. 2–4,when combinedwith the time scale
for tc shown in Fig. 1, show that when the time scale for particles to
reach equilibrium will range from the order of nanoseconds, for true
nanoparticles, to microseconds, for particles with a diameter on the
order of microns. This suggests that, with the possible exception of
high-frequency systems, the particles are at the same temperature as
the surrounding fluid. Current nanoparticle based heat transfer
systems operate at time scales well above this limit [15].

IV. Analytic Approximation for Particle-Fluid
Heat Transfer

Because these results appear to exponentially approach steady
state, a general solution may be available. As t� approaches infinity,
and the system reaches thermal equilibrium, the limit will be given by

T�p�t� ! 1� �
�
��2 ��3�
�1��2�

�
(18)

The time-dependant temperature can be written as
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Substituting this expression into (13) gives
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If f�t�� is assumed to be of order 1, then the differential equation can
be solved analytically:

f�t�� � e��t; �� �1��1��1��2� (21)

Table 1 compares these results to those obtained by curve-fitting to
numeric solutions of the data.When themodel is used to predict f�t�,
the results arewithin 0.2% of the computational result for all of these
cases. This suggests that the analytic model will be accurate enough
to be integrated into a bulk heat transfer model.

V. Conclusions

Two conclusions can be drawn from this analysis. The first is that,
for the majority of nanoparticle systems, the heat transfer between
particles and the surrounding fluid occurs at an extremely rapid time
scale. Because this means that the particles are at the bulk fluid
temperature, it supports the hypothesis that Brownian motion drives
the increase in thermal conductivity observed in these systems. The
second conclusion is that, for cases where the time scales of the
system require that transient heat transfer be computed, the proposed
modelfits to a degree of accuracy that iswithin the experimental error
encountered in any thermal measurement.
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